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Melting of PCM around a horizontal cylinder
with constant surface temperature
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Abstract

A numerical study of melting of phase change material (PCM) around a horizontal circular cylinder of constant wall temperatu
the presence of the natural convection in the melt region is presented. A two dimensional mathematical model is formulated in
primitive variables and a coordinate transformation technique is used to fix the moving front. The finite volume approach is used to
the system of governing equations to obtain a system of linear algebraic equations. An implicit scheme is used for the momentum a
equations and an explicit scheme for the energy balance at the interface. The numerical predictions were compared with availabl
establish the validity of the model and additional results are obtained to demonstrate the effects of Rayleigh and Stefan numbers
the wall temperature on the time for complete fusion and total melt volume.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Problem of heat transfer with phase change is extrem
important in latent heat storage systems and many other
mal applications. The literature is very rich with studies
heat transfer with phase change based upon pure condu
formulation. The presence of natural convection in the m
region during fusion may lead to increasing the heat tran
rate and causes the predictions based upon pure condu
to be non-realistic.

Basically there are two methods for formulating the pr
lem of heat transfer with phase change. The first method
the temperature as a dependent variable while the se
uses the enthalpy as a dependent variable in the energy
tion. In the models based upon the temperature, the en
equation is written separately for each phase and the
pling between the two equations is done through the en
balance at the solid–liquid interface. In this type of formu
tion it is necessary to know explicitly the position of the
terface in order to determine the temperature. Having a m
ing interface not known before hand complicates the pr
lem and its solution. One of the methods to solve the prob
is to immobilize the interface as done by Landau [1], Du
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et al. [2], Saitoh [3] and Sparrow et al. [4]. A second meth
is to use the enthalpy as a dependent variable and henc
write a single energy equation for the whole domain, liq
and solid. This method has the advantage of not requirin
determine the interface position in order to solve the ene
equation. Comparative studies of the two methods can
found in Furzerland [5] and Viswanath and Jaluria [6]. A
oneer study realized by Sparrow et al. [7] of fusion arou
a vertical cylinder showed that natural convection could
be ignored in the analysis of fusion problems. Later Yao
Chen [8] determined an approximate solution for the fus
problem around a horizontal constant temperature cylin
by using the perturbation technique. They studied the e
of natural convection on the fusion process and conclu
that it depends strongly on the Rayleigh number. Yao
Cherney [9] solved the case of fusion around a horizo
constant temperature cylinder by using the integral met
Rieger et al. [10] solved numerically the problem of fusi
around a horizontal cylinder under the conditions of cons
wall temperature and constant heat flux over the cylin
wall. They included natural convection in the liquid pha
and used body fitted coordinate technique to immobilize
fusion front. Prusa and Yao [11,12] analysed numerically
effects of natural convection during the process of fus
around a horizontal cylinder. They used the technique of
sevier SAS. All rights reserved.
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Nomenclature

cp specific heat . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

Fo Fourier number,= αt/r2
o

g gravity acceleration . . . . . . . . . . . . . . . . . . . m·s−2

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

L latent heat . . . . . . . . . . . . . . . . . . . . . . . . . . . J·kg−1

P dimensionless pressure
Pr Prandtl number,= ν/α
ro cylinder radius . . . . . . . . . . . . . . . . . . . . . . . . . . . m
r radial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . m
rL interface position . . . . . . . . . . . . . . . . . . . . . . . . . m
R dimensionless radial coordinate,= r/ro
RL dimensional interface position,= rL/ro
Ra Rayleigh number,= gβ(To − Tm)r3

o/να

Ste Stefan number based on temperature,
= cp(To − Tm)/L

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature of the liquid phase . . . . . . . . . . . . K
Vθ dimensionless velocity component in the

tangential direction
VR dimensionless velocity component in the radial

direction

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β coefficient of thermal expansion . . . . . . . . . K−1

φ dimensionless temperature
�L dimensionless melt thickness,=RL − 1
η transformed radial coordinate,= r−ro

rL−ro = R−1
�L

µ dynamic viscosity . . . . . . . . . . . . . . . kg·m−1·s−1

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

θ angular coordinate
ρ specific mass . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

τ dimensionless time,= αLt

r2
o

Ste

τtot complete fusion time . . . . . . . . . . . . . . . . . . . hour
Λ̄,Λ,Θ,Ω,Ψ auxiliary variables
∀ volume

Superscript

∗ dimensionless variables

Subscripts

L liquid
m phase change
o surface of the cylinder
R radial direction
tot total
θ angular direction
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ordinate transformation to fix the irregular moving interfa
and finite difference approach to solve the problem num
cally. Additional experimental results and comparisons w
realized by Hermann et al. [13] and Ho and Chen [14].

The formulation of the problem of melting around
circular cylinder as available in Yao and Chen [8], Y
and Cherney [9], Rieger et al. [10] and Prusa and Yao
12] is formulated based upon the stream function
vorticity method, while the work of Sparrow et al. [7
is based upon primitive variables formulation. In Sparr
et al. [7] work, the terms resulting from the transformat
of coordinates were eliminated in order to simplify t
numerical solution of the problem and hence their solu
is approximate. The contribution of the present study
the actual knowledge lies in the fact that the problem
formulated using primitive variables. The equations w
treated by using a transformation of coordinates which le
to immobilize the moving front. The resulting system
equations, including complicated terms resulting from
coordinate transformation process were treated numeri
by using the control volume approach. The proposed m
and numerical code are part of a detailed study to pro
some numerical codes to handle different practical probl
of interest in energy storage modelling and analysis.

This paper deals with the numerical study of melting
phase change material (PCM) around a horizontal circ
cylinder in the presence of natural convection in the m
phase. A two dimensional non-steady mathematical m
has been formulated in terms of the primitive variab
and a coordinate transformation has been used to fix
moving interface. The finite volume approach was u
to discretize the system of governing equations and
associated boundary and initial conditions to obtain a sys
of linear algebraic equations. The numerical code w
optimized and the numerical predictions were compa
with available numerical results to establish the validity
the model and the numerical approach.

2. Mathematical model

The physical problem is shown in Fig. 1. The horizon
cylinder of radiusro is immersed in an infinite solid PCM
At the instantt = 0, the PCM is at the phase change te
peratureTm. When the cylinder surface temperature is
To > Tm, the fusion process starts. Two fusion cases wil
treated here. The first, when the surface temperature o
cylinder To > Tm while the other of specified heat fluxq .
The general simplifications considered in this study incl
transient formulation and two dimensional Newtonian
compressible fluid where the natural convection effects
considered. The thermophysical properties of the PCM
assumed constant except the density.

The basic equations can be written as:
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Fig. 1. Layout of the physical problem.

Energy conservation equation

∂T

∂t
+ 1

r

∂(rV ∗
RT )

∂r
+ 1

r

∂(V ∗
θ T )

∂θ

= α
(

1

r

∂

∂r

(
r
∂T

∂r

)
+ 1

r2

∂2T

∂θ2

)
(1)

Mass conservation equation

1

r

∂(rV ∗
R)

∂r
+ 1

r

∂V ∗
θ

∂θ
= 0 (2)

Equation of motion in the tangential direction

∂V ∗
θ

∂t
+ 1

r

∂(rV ∗
RV

∗
θ )

∂r
+ 1

r

∂(V ∗
θ )

2

∂θ
+ V ∗

RV
∗
θ

r

= − 1

ρ

1

r

∂P ∗

∂θ
+ Λ̄cosθ

+ ν
(

1

r

∂

∂r

(
r
∂V ∗
θ

∂r

)
+ 1

r2

∂2V ∗
θ

∂θ2 − V ∗
θ

r2 + 2

r2

∂V ∗
R

∂θ

)

(3)

Equation of motion in the radial direction

∂V ∗
R

∂t
+ 1

r

∂r(V ∗
R)

2

∂r
+ 1

r

∂(V ∗
θ V

∗
R)

∂θ
− (V ∗

θ )
2

r

= − 1

ρ

∂P ∗

∂r
+ Λ̄sinθ

+ ν
(

1

r

∂

∂r

(
r
∂V ∗
R

∂r

)
+ 1

r2

∂2V ∗
R

∂θ2 − V ∗
R

r2 − 2

r2

∂V ∗
θ

∂θ

)

(4)

where the termΛ̄ is given byΛ̄= βg(T − Tm)
The initial and boundary conditions for Eqs. (1)–(4) ar

T = Tm, V ∗
θ = 0, V ∗

R = 0 att = 0 (5)

T = To, V ∗
θ = 0, V ∗

R = 0 atr = ro, t > 0 (6)
∂T

∂θ
= 0, V ∗

θ = 0,
∂V ∗
R

∂θ
= 0

at θ = ±π
2
, t > 0 (7)

The boundary conditions at the solid–liquid interface
given by

T = Tm, V ∗
θ = 0, V ∗

R = 0 atr = rL, t > 0 (8)[
1+

(
1

rL

∂rL

∂θ

)2](
−k ∂T
∂r

)
= ρL∂rL

∂t

at r = rL, t > 0 (9)

The problem of phase change in the presence of na
convection is extremely difficult to handle. To reduce th
difficulties, the front immobilisation technique is used wh
the coordinatesr andθ are transformed toη andθ where

η= r − ro
rL − ro

And the new domain is defined by 0� η � 1 and−π/2 �
θ � π/2.

In order to facilitate the numerical calculations the n
coordinate system and also new dimensionless variable
adopted. These variables are

R = r

ro
and RL = rL

ro

�L =RL − 1 and η= R − 1

�L

τ = αLt

r2
o

Ste, φ = T − Tm
To − Tm

Vθ = V ∗
θ ro

α
, VR = V ∗

Rro

α

P = P ∗

ρ(α/ro)2
, Ste = cp(To − Tm)

L

Substituting the new variables in Eqs. (1)–(9), these eq
tions are written as below.

Equation of energy conservation

Ste
∂φ

∂τ
+ 1

R�L

∂

∂η
(RVRφ)+ 1

R

∂(Vθφ)

∂θ

= 1

R�L

∂

∂η

(
R

�L

∂φ

∂η

)
+ 1

R2

∂2φ

∂θ2
+Ωliq (10)

where

Ωliq = η Ste

�L

∂�L

∂τ

∂φ

∂η
+ η

R�L

∂�L

∂θ

∂(Vθφ)

∂η

+ 2η

R2�2
L

(
∂�L

∂θ

)2
∂φ

∂η
− η

R2�L

∂2�L

∂θ2

∂φ

∂η

− η

R2�L

∂�L

∂θ

∂2φ

∂θ∂η

Mass conservation equation

1 ∂
(RVR)+ 1 ∂Vθ −Ωcm = 0 (11)
R�L ∂η R ∂θ
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Ωcm = η

R�L

∂�L

∂θ

∂Vθ

∂η

Equation of motion in the tangential direction

Ste
∂Vθ

∂τ
+ 1

R�L

∂

∂η
(RVRVθ)+ 1

R

∂V 2
θ

∂θ

= − 1

R

∂P

∂θ
+ 1

R�L

∂

∂η

(
PrR

�L

∂Vθ

∂η

)

+ Pr

R2

∂2Vθ

∂θ2 +Ψang+Ωang (12)

where

Ψang= PrΛcosθ − VθVR

R
− VθPr

R2 + 2Pr

R2

∂VR

∂θ

and

Ωang= η

R�L

∂�L

∂θ

∂P

∂η
+ η Ste

�L

∂�L

∂τ

∂Vθ

∂η

+ η

R�L

∂�L

∂θ

∂V 2
θ

∂η
+ 2ηPr

R2�2
L

(
∂�L

∂θ

)2
∂Vθ

∂η

− ηPr

R2�L

∂2�L

∂θ2

∂Vθ

∂η
− ηPr

R2�L

∂�L

∂θ

∂2Vθ

∂θ∂η

− 2ηPr

R2�2
L

∂�L

∂θ

∂VR

∂η

Equation of motion in the radial direction

Ste
∂VR

∂τ
+ 1

R�L

∂

∂η

(
RV 2

R

) + 1

R

∂(VRVθ)

∂θ

= − 1

�L

∂P

∂η
+ 1

R�L

∂

∂η

(
PrR

�L

∂VR

∂η

)

+ Pr

R2

∂2VR

∂θ2
+Ωrad+ψrad (13)

where

Ψrad= PrΛsinθ + V 2
θ

R
− VRPr

R2 − 2Pr

R2

∂Vθ

∂θ

and

Ωrad= η

R�L

∂�L

∂θ

∂(VθVR)

∂η
+ ηSte

�L

∂�L

∂τ

∂VR

∂η

+ 2ηPr

R2�2
L

(
∂�L

∂θ

)2
∂VR

∂η
− ηPr

R2�L

∂2�L

∂θ2

∂VR

∂η

− ηPr

R2�L

∂�L

∂θ

∂2VR

∂θ∂η
+ 2ηPr

R2�L

∂�L

∂θ

∂Vθ

∂η

The initial, boundary and interface conditions can be writ
as

φ = 0, Vθ = 0, VR = 0 atτ = 0 (14)

φ = 1, Vθ = 0, VR = 0 atη= 0, τ > 0 (15)

The interface conditions are
φ = 0, Vθ = 0, VR = 0 atη= 1, τ > 0 (16)[
1+

(
1

(�L + 1)

∂�L

∂θ

)2](
− 1

�L

∂φ

∂η

)
= ∂�L

∂τ

atη= 1, τ > 0 (17)

The finite volume approach was used to discretize
system of differential equations and obtain a system of lin
algebraic equations. The numerical solution was determ
using an implicit scheme for the momentum and ene
equations and explicit scheme for the energy balance a
interface. Numerical tests were realized in order to optim
the computational grid. The number of grid points along
tangential direction is taken as 50 and 30 points along
radial direction.

3. Results and discussion

Rieger et al. [10] studied the problem of fusion arou
a horizontal cylinder under surface constant tempera
Their model is formulated based upon stream and vo
ity functions and body fitted coordinates and finite diff
ence approximation. Their results were compared with
numerical predictions from the present model. Figs. 2 an
show the thickness of the melt layer for values ofRa = 104

andRa = 37 500. As can be noticed the agreement is go
Figs. 4 and 5 show the variation of Nusselt number o
the surface of the cylinder for the case ofRa = 104 and
Ra = 37 500. It is interesting to observe how the regim
of transition occur between dominant conduction and d
inant convection as reported by Sparrow et al. [15]. Dur
the dominant conduction process, the curves show a re
tion in the Nusselt number. When the dominant convec
regime is established the profiles seem to be constan

Fig. 2. Comparison of the predicted dimensionless melt thickness with
results of Rieger et al. [10].
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Fig. 3. Comparison of the predicted melt thickness with the results of Ri
et al. [10].

Fig. 4. Comparison of the predicted surface Nusselt number with the re
of Rieger et al. [10] forRa = 104.

can be seen the results agree well indicating that the pre
model is able to predict precise results. Figs. 6 and 7 s
comparisons of Nusselt number at the liquid–solid interf
as calculated by Rieger et al. and the present model. Th
sults seem to agree very well for the case ofθ = −90◦ but
differs slightly for the positionθ = 90◦ although keeping the
same tendency. Figs. 8 and 9 show the melt volume as c
lated by Rieger et al. and the present model for the two c
of Ra = 104 andRa = 37 500 showing good agreement b
tween the results. Figs. 14 and 15 show that after convec
been established, the variation of the melt volume with t
seems to the linear as reported by Hale and Viskanta [16
t

-

-

Fig. 5. Comparison of the predicted surface Nusselt number with the re
of Rieger et al. [10] forRa = 37500.

Fig. 6. Comparison of the predicted interface Nusselt number with
results of Rieger et al. [10] forRa = 104.

Additional results from the present model were obtain
using n-octadecane as a PCM and a cylinder of exte
radius ro = 0.00476 m. Then-octadecane was the mo
preferred because of its phase change temperature and
widely used and hence easy to find relevant literat
The thermal properties of this PCM based upon Bern
et al. [17] are shown in Table 1.

Fig. 10 shows the time for complete fusion in terms of
Rayleigh number. It is found that for Rayleigh number m
than 24 000, the time for complete fusion seems to incre
at a much lower rate than for cases ofRa< 24 000. This can
be attributed to the fact that the increase in Rayleigh num
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Table 1
Thermal properties of liquidn-octadecane

Melting point [K] ρ k Cp µ ν L β Pr
[kg/m3] [W/m·K] [J/kg·K] [kg/m·s] [m2/s] [J/kg] [1/K]

301.2 776.8 0.157 2200 3.878×10−3 5.005×10−6 241000 9.1×10−4 54.5

Source: Benard et al. [17].
the

the

ajor
ber
ber

ating

the

ers
efan
Fig. 7. Comparison of the predicted interface Nusselt number with
results of Rieger et al. [10] forRa = 37500.

Fig. 8. Comparison of the predicted dimensionless melt volume with
results of Rieger et al. [10] forRa = 104.

means intensification of natural convection and hence m
stabilisation of the fusion rate. The effect of Stefan num
based on the temperature is similar to the Rayleigh num
increase as can be seen in Fig. 11. The correlations rel
Fig. 9. Comparison of the predicted dimensionless melt volume with
results of Rieger et al. [10] forRa = 37500.

Fig. 10. Total melt time in terms of the Rayleigh number.

the time for complete fusion to Rayleigh and Stefan numb
are presented below for the Rayleigh number and St
number in the ranges 8281� Ra � 25 050 and 0.036�
Ste � 0.109 and for surface temperature of the cylinder,To,
of 305 to 313 K.
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Fig. 11. Total melt time in terms of the Stefan number.

Fig. 12. Total melt volume in terms of the cylinder surface temperature
305, 308 and 313 K.

τtot = 4.153× 10−8(Ra)2 − 2.142× 10−3(Ra)

+ 33.886[hours] (18)

τtot = 2256.63(Ste)2 − 501.184(Ste)

+ 34.118[hours] (19)

The variables shown in the Figs. 10 and 11 as well as in
Figs. 13, 14 and 15 are expressed in dimensional form
order to facilitate the use of the results.
Fig. 13. Total melt volume in terms of the Rayleigh number.

Fig. 14. Total melt volume in terms of the Stefan number.

Fig. 12 shows the total melt volume in terms of thr
wall temperature of 305, 308 and 313 K. The melt volum
calculated through the expression

∀ =
1∫

0

π∫
0

R dθ�L dη

The present study is two-dimensional and hence the
volume calculated is considered as being for a unit lengt

As is expected the increase of the cylinder wall tempe
ture leads to increase the total melt volume.

Figs. 13–15 shows the effect of the Rayleigh numb
Stefan number and the cylinder wall temperature on
total melt volume. As can be seen the increase of Rayl
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Fig. 15. Total melt volume in terms of the surface temperature of
cylinder.

number leads to increasing the total melt volume rate u
about Ra = 24 000. After which the rate of melt volum
seems to reach almost steady conditions as explained be
Similar effects are found for the increase of Stefan num
based upon the temperature as well as the increase i
cylinder wall temperature. The corresponding correlati
for the total melt volume in terms of the Rayleigh numb
Stefan number and cylinder wall temperature are prese
below

∀tot = −5.890× 10−10(Ra)2 + 0.259× 10−4(Ra)

+ 1334.64× 10−4 [m3·m−1] (20)

∀tot = −316944× 10−4(Ste)2 + 60340.4× 10−4(Ste)

+ 1313.5× 10−4 [m3·m−1] (21)

∀tot = −25.883× 10−4(To)
2 + 1994.85× 10−4(To)

− 34255.7× 10−4 [m3·m−1] (22)

4. Conclusions

A model is proposed in terms of the primitive variab
for the fusion around horizontal circular cylinder includi
natural convection in the melt region. The phase cha
front was immobilised by using a coordinate transformat
and the method of control volumes was used. The predi
numerical results are compared with available numer
results of Rieger et al. [10]. The agreement is fou
to be satisfactory indicating that the proposed mode
adequate to represent the physical situation of fusion aro
a horizontal cylinder in the presence of natural convec
in the melt region. Additional numerical data and t
.

e

respective correlations of the effects of Rayleigh num
Stefan number and the cylinder wall temperature on the

for complete phase change and the total melt volume
presented and discussed.
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